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We discuss plasmons of biased twisted bilayer graphene when the Fermi level lies inside the
gap. The collective excitations are a network of chiral edge plasmons (CEP) entirely composed of
excitations in the topological electronic edge states (EES) that appear at the AB-BA interfaces.
The CEP form an hexagonal network with an unique energy scale p =
e2
0t0
with t0 the moire´
lattice constant and  the dielectric constant. From the dielectric matrix we obtain the plasmon
spectra that has two main characteristics: (i) a diverging density of states at zero energy, and (ii)
the presence of a plasmonic Dirac cone at ~ω ∼ p/2 with sound velocity vD = 0.0075c, which is
formed by zigzag and armchair current oscillations. A network model reveals that the antisymmetry
of the plasmon bands implies that CEP scatter at the hexagon vertices maximally in the deflected
chiral outgoing directions, with a current ratio of 4/9 into each of the deflected directions and 1/9
into the forward one. We show that scanning near-field microscopy should be able to observe the
predicted plasmonic Dirac cone and its broken symmetry phases.
Introduction. The study of graphene has brought
to light many unexpected basic as well as applied
physical properties.1,2 More surprises appear when
two graphene layers are stacked and rotated one
on top of the other, forming the so-called twisted
bilayer graphene (TBG). When the rotation an-
gle is large, the graphene layers are electronically
decoupled,3,4 but at small twist angles the Fermi
velocity of the carriers reduces considerably5. At
some particular magic angle, the electronic bands
become almost flat around charge neutrality.6–8
In this regime, new and unpredicted electronic
phases emerge.9–12 Collective modes in twisted
structures have been studied and show several new
features.13–22 In this Letter, however, we will dis-
cuss the collective excitations associated to the net-
work of chiral EES that appear when an electric
field is applied perpendicular to the sample and
the chemical potential lies inside the gap23–25. In
this regime, plasmons can be described by a simple
macroscopic model that is defined by a hexagonal
lattice of alternating Hall conductivities, as shown
in Fig. 5 (d).
The main results of our work are (i) that plas-
mons are well represented by CEP bounded to the
AB-BA interfaces, that scatter at the hexagon ver-
tices mainly in the two deflected chiral outgoing
directions and (ii) the prediction of a plasmonic
Dirac cone, that is formed by spinors composed of
oscillating current patterns in zigzag and armchair
direction, respectively. A plasmonic gap can be
opened by breaking the rotational symmetry via
strain or due to magnetic fields. Furthermore, the
plasmonic density of states diverges in the limit
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FIG. 1. (a) TBG’s unit cell showing the regions with
stacking AA, AB and BA. (b) Propagating and anti
propagating edge modes corresponding at the K and
K′ valleys respectively at a gapped AB/BA interfaces.
(c) Hexagonal pattern showing unit cell with stacking
AB and BA and the network of EES encircling these
regions. (d) Hexagonal pattern showing the periodicity
of triangular regions with Hall conductivities ±σ0xy.
of vanishing frequency. We propose that these fea-
tures can be seen in scanning near-field microscopy.
Model. The TBG forms a moire´ pattern that, al-
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FIG. 2. (a) Moire´ Brillouin zone. Plasmons exit in the
shadow regions. (b) Dispersion of the dielectric modes
in the MBZ. Dirac cones appearing at the points K and
K′. Red dashed line shows the plane of zero energy. (c)
Plasmonic density of states. The flat dispersion in the
Γ−M −Γ direction produce a high density of states
at low energies. The DoS decays to zero at the fre-
quency of the vertex of the plasmonic Dirac cone. (d)
Dispersion of the dielectric modes along the direction
Γ−K′−M−K−Γ of the MBZ. (e) As in (d) but obtained
with a network model of CEP that scatter at vertices.
though in general is incommensurate, can be ap-
proximated very accurately by a triangular unit
cell of lattice parameters t1(2)=
(
1
2 ,±
√
3
2
)
t0, with
t0=
a
2 sin θ/2 , being a=2.46A˚ the graphene lattice
parameters and θ the twist angle, see Fig.5(a).
In the TBG unit cell, it is possible to identify re-
gions where the graphene layers are either Bernal-
stacked (AB and BA) or one on top of the other
(AA), see Fig.5(a). An interlayer bias, ∆, opens
an electronic gap in the Bernal stacked regions.26
Under lattice relaxation, these regions expand at
the expense of the AA regions in order to reduce
elastic energy.27 For small twist angles, the Bernal-
stacked regions define a periodic hexagonal struc-
ture, with a unit cell formed by two triangles with
stacking BA and AB, respectively, see Fig.5(c).
Gapped Bernal-stacked regions are non-trivial
insulators and, consequently, have a finite
valley Chern number per spin24,28–30, i.e.,
CABK =−CABK′ =−CBAK =CBAK′ =sgn(∆), where K
and K ′ are the graphene Dirac points. At the
interface between AB and BA regions, and be-
cause of the difference in band topology, two EES
per spin and valley appear,25,31,32 with opposite
propagation direction in opposite valleys, which
has been experimentally proven.33–36 In TBGs the
existence of a network of EES encircling the tri-
angular regions with AB and BA stacking has
been predicted37–43 and recently experimentally
observed.44
When the Fermi edge is inside the gapped
regions, the plasmonic collective excitations are
formed by electron-hole electronic transitions in
the EES and have an one-dimensional chiral
character45. We name them chiral edge plas-
mons (CEP). In the context of the quantum
Hall effect46–49, CEP exist at the frontier of two-
dimensional electron gases with Hall conductivities
C1
e2
h and C2
e2
h , and have a dispersion of the form
~ω1d(q) ≈ e220 q log(qδ)(C1−C2), being δ the ef-
fective thickness of the two-dimensional system. A
similar dispersion has been obtained for CEP’s at
the interface between topological insulators with
different Chern numbers50,51. In TBG, we expect
that because of the Hall conductivities patches,
Fig.5(d), the collective excitations will consist of
a network of CEP.
Formalism. In order to discuss the emerging plas-
monic modes, we use the approach based on the
current rather than the charge response.46 The in-
formation on the system is given by the conductiv-
ity tensor, which in our case has only non-diagonal
Hall components with values ±σ0xy = gs e
2
h in the
upper/lower triangles of the moire´ superlattice, see
Fig.5(d). Here gs=2 is the spin degeneracy. For a
wavevector q in the moire´ Brillouin zone (MBZ),
the frequencies of the dielectric modes52 are ob-
tained from the eigenvalues of the matrix
MG,G′(q)=− i
Suc
1
20
e−
δ
2 (|q+G|+|q+G′|)√|q+G||q+G′| [zˆ · (q+G)×(q+G′)] σ˜xy(G−G′) , (1)
where Suc and G are the unit cell area and the re-
ciprocal vectors of the moire´ lattice, respectively,
σ˜xy is the Fourier transform of the Hall conduc-
tivity, and e−qδ/(20q) is the Fourier transform
of the Coulomb interaction in two-dimensions.
For a given eigenvalue ωi(q), with eigenvector
3{αiq(G)}, the corresponding dielectric eigenmode
has the form, φi(q,G) = e
− δ
2
|q+G|√
|q+G| α
i
q(G). We have
checked that this formalism gives the correct chiral
edgeplasmons when the Hall conductivity is mod-
ulated only in one-direction. For details, see the
Supplemental Material.53
The matrix MG,G′(q) is real and symmet-
ric, and therefore its eigenvalues and eigenvec-
tors are real. The spectrum is anti-symmetric
with respect to zero frequency and zero momen-
tum, i.e., for each eigenvalue ω(q), there ex-
ists a corresponding eigenvalue ω(−q) = −ω(q)
with the same eigenvector. This symmetry guar-
antees the existence of complex conjugate pairs
and the possibility of creating real valued time-
dependent electric fields.51 Due to the under-
lying lattice symmetry, we also have ω(q) =
ω(−qx, qy)=−ω(qx,−qy)=ω(R 2pi
3
q)=−ω(Rpi
3
q).
Plasmon dispersion. Collective charge density ex-
citations of gapped twisted bilayer graphene are
given by the positive eigenvalues of the matrix
MG,G′(q). Because of the chiral nature of the ex-
citations leading to ω(q) = −ω(−q), they only ex-
ist in half of the MBZ, see shadow regions in Fig.
9(a). The complementary white regions are occu-
pied by plasmonic excitations belonging to the op-
posite graphene valley. At low energies, the collec-
tive excitations are CEP moving along the AB-BA
boundaries with a chiral sense of rotation imposed
by the arrangement of the Hall conductivity. The
character of the excitations becomes clear when
we plot the electrical current associated with a di-
electric mode, ~ji(r) = −σxy(r)~∇φi(q, r). In Fig.
10 (a) and (b), we plot the x and y components,
respectively, of the electrical current for a mode
near Γ. The current is localized at the sides of the
triangles that form the unit cell and circulates in
opposite directions in triangles with opposite Hall
conductivity.
In Fig. 9(d), we plot the first non-zero eigen-
values of MG,G′(q) along the direction Γ − K′ −
M − K − Γ of the MBZ.54 The most striking
feature of the network of CEP dispersion is the
existence of a Dirac point at the K′ point of
the MBZ. The dielectric modes for momentum
q, near the K′ point, q=K′ + k, can be written
in terms of spinors ψ+ =
(
sin θk/2
cos θk/2
)
eikr and
ψ− =
(
cos θk/2
− sin θk/2
)
eikr with θk=tan
−1 ky
kx
. The
up and down spinors are the dielectric modes of
the degenerated CEP at the point K′. Therefore,
nearK′ the CEP are described by the rotated Dirac
equation H = ~vD(σzkx + σxky) + ED, being vD
and ED the velocity of the plasmons near K′ and
the energy of the plasmons at the vertex of the
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FIG. 3. Currents in the (a) x and (b) y directions for
the low energy plasmons near the Γ point of the MBZ.
(c) Schematic picture of the edge currents correspond-
ing to this plasmon. Schematic picture of the currents
corresponding to the two plasmons at the Dirac point
K′. The plasmons bring electrical currents in perpen-
dicular directions.
cone, respectively, see Fig.9(c). Fig. 10(d), shows
schematically the electrical currents of the CEP at
the K′ point, they correspond to currents moving
along the sides of the triangular networks in the
xˆ (armchair) and yˆ (zigzag) directions. The ac-
tual form of the current, as obtained numerically,
is plotted in the SM.53
In Fig. 9(c), we plot the plasmons density of
states (DoS) as function of frequency. The linear
dispersion near the Dirac point K′ leads to a van-
ishing DoS at the energy of the Dirac cone vertex
ED. On the other hand, the ω(−q) = −ω(q) sym-
metry, combined with the chiral character of the
plasmons, produces zero energy excitations along
the zone boundaries of half the MBZ, see Fig. 9(a)-
(b) and a peak in the plasmon DoS at zero fre-
quency, see Fig.9(c).
Plasmons in TBG as a network of CEP. The cur-
rents depicted in Fig.10 suggest that plasmons in
TBG may be described by a network model55,
similar to that used for that used to describe
the low-energy dispersion relation of the elec-
tronic system39,56. The plasmonic network is com-
posed by the CEP of the AB-BA edges and ver-
tices, where the incoming edge plasmon is scat-
tered in the three possible outgoing directions, see
Fig.5(c). This model incorporates Coulomb in-
teractions through the CEP dispersion relation,
ω1d(q), but neglects the inter-edge interactions.
Symmetry and current conservation impose that
the scattering by a vertex is defined by just two
parameters: (i) the ratio between the transmit-
4ted current flowing in the forward, Pf , and each
deflected direction, Pd, and (ii) the phase of the
outgoing forward plasmon, φ. Remarkably, our
results53 show that the antisymmetry of the plas-
mon spectrum alone fixes the values Pf = 1/9 and
Pd = 4/9, and forces φ to be either 0 or pi. The
parabolicity of the spectrum at the Γ-point fixes
φ = pi. See Figs.9(d) and (e) for a comparison be-
tween the plasmon dispersion and the one provided
by the network model.
Symmetry breaking. The existence of a Dirac
point indicates the possibility of opening a gap in
the CEP spectrum by, e.g., privileging clockwise
electric currents of the form Jx + iJy over anti-
clockwise currents Jx − iJy. This can be achieved
by applying a magnetic field perpendicularly to the
layers. In that case, an energy gap will appear
near ED and in presence of a magnetic field, biased
TBG will thus become a photonic crystal for nano-
light. Also elastic strain should open up a gap by
breaking the rotational symmetry. Arguably, the
most interesting prospect would be the possibility
of creating a Haldane gap leading to topologically
protected plasmonic currents, see SM.53
Energy scale and sound velocity. The CEP dis-
persion is given by only one energy scale, p =
e2
0t0
= 18.1[eVnm]t0 , that is determined by the size
of the TBF lattice parameter t0. For typical sam-
ples with twist angle θ ∼ 0.01◦ − 0.75◦, the cor-
responding lattice parameter is t0 ∼ 19nm−1.4µm
and the corresponding plasmonic energy scale p ∼
2.5−200meV for a dielectric constant  ≈ 5, much
smaller than the bias voltage/gap of 400meV.44 We
thus expect a large energy window where the CEP
are not damped by electron-hole excitations, espe-
cially not around the Dirac energy ED ∼ p/2.
The plasmonic sound velocity vD is independent
of the moire´ lattice and can be approximated by
vD ≈ 3
√
3αc/, where c is the speed of light and
α ≈ 1/137 the fine-structure constant. In general,
vD << c, thus justifying our non-retarded electro-
static approach. For  = 5, vD ∼ 0.0075c which is
of the same order as the Fermi velocity of graphene.
Real space images of the plasmons. A picture of
the electric fields associated with the CEP can be
obtained by using a scanning near field optical
microscopy (SNOM) setup57–59. This technique
consists in illuminating with an infrared laser the
metallic tip of an atomic force microscope (AFM)
placed on top of the TBG. The light induces an
electric field dipole at the tip that oscillates with
the frequency ω of the laser and this oscillation
produces an electric field on the underneath TBG.
In order to screen this field, the carriers of the TBG
reorganize and induce collective charge excitations,
that in the case of gapped TBG are CEP. These
plasmons create an electric field that is backscat-
tered in the tip and analyzing the relative varia-
tion of the scattering amplitude as function of the
position of the AFM tip it is possible to obtain
real-space images of the plasmonics fields.
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FIG. 4. Maps of the amplitude of the z-component (a)
and phase shift (b) of the electric near field. Maps of
the amplitude of the negative (c) and positive (d) cir-
cular polarized electric fields. Variation of the average
amplitude (e) and phase shift (f) of the z-component of
the near electric field. as function of the frequency. Pa-
rameters were chosen to be z0=40nm and δ = 0.005t0.
The tip under illumination can be modeled as
an effective point dipole and the electric fields can
be evaluated at r= r0, see SM.
53 We obtain real-
space images of the electric near-field backscat-
tered by the TBG’s plasmons. In Fig 11 (a)-(b),
we plot the map of the amplitudes of the field
in the z-direction, sz(ω), and the corresponding
phase shifts φz(ω) for a frequency ~ω=p/2. Both
quantities have six-fold symmetry and they are not
sensitive to the chiral nature of the edge states.
The brightest regions of the amplitude of sz corre-
spond to the corners where the topological edges
intersect. However, the phase shift of the field in
the z-direction is strongest in the middle of the tri-
angles of the unit cell. Similar curves are obtained
for different frequencies, the main differences ap-
pear in the values of the amplitude average, s¯z,
and phase shift average, φ¯z over the unit cell.
In Fig. 11(e)-(f), we plot these quantities as
5function of the frequency. s¯z shows a maximum at
zero frequency and a minimum at energies slightly
lower than the energy of the Dirac vertex ED.
However, its mathematical expression is a com-
plicated function of plasmon frequency and little
knowledge on the plasmon dispersion can be ob-
tained. Much more information is obtained from
the average value of the phase shift, φ¯z which is
proportional to the product of the frequency and
the plasmon density of states. Therefore the zero
phase shift at the energy ED indicates the absence
of plasmons at this frequency and shows the exis-
tence of a Dirac cone in the plasmon dispersion.
In Fig. 11(c) and (d), we plot the real-space im-
ages of the amplitudes of the left, s−, and right,
s+, circular polarized backscattered near electric
fields. Because of the chirality of the edge plas-
mons, the electric fields generated by the plasmons
have different chirality on the two triangles of the
unit cell. The electric fields are located at the sides
of the triangles of the unit cell. Upper triangles
generate light with negative circular polarization
whereas lower triangles produce positive circular
polarized light.
Summary. We have shown that the collective ex-
citations of biased TBG when the Fermi level lies
inside the gap are chiral edge plasmons that are
confined at the AB-BA interfaces. Contrary to
the Drude-like plasmons of Ref.19, CEP are en-
tirely made of intra-edge excitations of the topo-
logical electronic states that occur at the AB-BA
edges. Because of their chiral nature, they only
exist in half of the MBZ for one valley and show
a large DoS at low frequencies. A simple net-
work model shows that scattering of edge plas-
mons at vertices occurs maximally into the de-
flected directions. Most strikingly, we observe a
plasmonic Dirac cone at finite energy that is com-
posed of oscillating currents in x and y-direction.
Breaking the rotational symmetry by a magnetic
field opens up a tunable gap, paving the way to-
wards a plasmonic transistor at tuneable frequen-
cies ED ∼ 1−100meV depending on the twist angle.
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SUPPLEMENTAL MATERIAL Plasmonic Dirac Cone in Twisted Bilayer Graphene
L.Brey, T.Stauber, T.Slipchenko and L. Mart´ın-Moreno
I. COLLECTIVE EXCITATIONS OF A CHIRAL HALL NETWORK
Here, we outline the formalism how to obtain the collective excitations of a two-dimensional system
characterized by a spatial modulation of the Hall conductivity and zero longitudinal conductivity. The
input in the calculation is the electrical conductivity tensor,
σ(r) =
(
σxx σxy(r)
σyx(r) σyy
)
(2)
with σxx=σyy=0, and
σxy(r) = −σyx(r) = 1
S
∑
G
σ˜xy(G)e
iGr . (3)
Here, S is the unit cell area and the sum runs over all reciprocal lattice vectors associated with the
periodicity of the conductivity in real space. We consider an external potential acting on the system,
φext(r) = φ˜ext(q)e
iqreiωt , (4)
here the wavevector is restricted to the Brillouin zone of the periodic structure. Due to the periodicity
of the conductivity, the total potential in the system has the general form,
φT (r) = e
iqreiωt
∑
G
φ˜T (G,q)e
iGr . (5)
6The electric field associated with this potential,
E(r) = −∇φT (r) (6)
induces, we assume locally, an electrical current density
J(r) = σ(r)E(r) (7)
that is related with the two dimensional electron density trough the continuity equation,
∂ρ(r)
∂t
+∇ · J(r) = 0 . (8)
Finally the induced charge density creates a Hartree potential that in the spirit of the RPA should be
added to the external potential in order to obtain the following selfconsistency equation,
φ˜T (G, q˜) = φ˜ext(q˜) + v(q+G)
1
iω
1
S
∑
G′
zˆ · (q+G)× (q+G′)σ˜xy(G−G′) φ˜T (G′, q˜) (9)
where v(q) = 120q e
−δq is the two-dimensional Fourier transform of the Coulomb potential and δ is the
effective thickness of the two-dimensional electron gas. From this equation we obtain the matrix dielectric
constant in reciprocal space,
G,G′(q) = δG,G′ − 1
S
1
iω
1
20|q+G|e
−δ|q+G| [zˆ · (q+G)× (q+G′)] σ˜xy(G−G′) (10)
Plasmons are self-sustained charge excitation in the system, that occur when the dielectric constant is
zero for a particular frequency ω and momentum q. The zero eigenvalues of the matrix G,G′(q) give
us the dispersion ω(q) of the plasmon in the system. The dielectric mode associated with a particular
plasmon ω(q), is given by the eigenvector of the matrix G,G′(q) corresponding to the zero eigenvalue.
It is more convenient for numerical computation to define a symmetrized matrix
′G,G′(q) =
√
|q+G| G,G′(q) 1√|q+G′|e− δ2 (|q+G|−|q+G′|) (11)
It is easy to prove that the eigenvalues of ′G,G′(q) correspond to the eigenvalues of G,G′(q). The
eigenvectors αq(G) of 
′ are related with the eigenvectors φ(q,G) of  through,
αq(G) =
√
|q+G| e δ2 |q+G| φ(q,G) (12)
The Hall conductivity does not depend on frequency, and in the dielectric tensor the frequency only
appear as 1ω . therefore the zeros of the dielectric constant are the eigenvalues of the matrix,
MG,G′(q)=− i
S
1
20
e−
δ
2 (|q+G|+|q+G′|)√|q+G||q+G′| [zˆ · (q+G)×(q+G′)] σ˜xy(G−G′) (13)
σ˜xy(nG1 + mG2) is pure imaginary so that the matrix MG,G′(q) is real and symmetric and have real
eigenvalues and eigenfunctions. Note that the plasmonic energy ~ω only depends on the energy scale
p =
e2
0t0
.
II. FOURIER TRANSFORM OF σxy(r)
The supercell of the twisted bilayers is defined by the lattice vector t1=
(
1
2 ,
√
3
2
)
t0 and t2=
(
1
2 ,−
√
3
2
)
t0
,with t0=
a
2 sin θ/2 , being a=0.246nm the graphene lattice parameters and θ the twist angle, see Fig.5(a)
of the main text. The reciprocal primitive vectors are
G1 =
4pi√
3t0
(
−
√
3
2
,
1
2
)
(14)
G2 =
4pi√
3t0
(√
3
2
,
1
2
)
. (15)
7For a reciprocal lattice vector G = nG1 +mG2 the Fourier transform of σxy(r) as shown in Fig.1(d) of
the main text, is
σ˜xy(nG1 +mG2) = −σ0xy
√
3
2npi
it20 if n = m 6= 0 ,
σ˜xy(nG1 +mG2) = σ
0
xy
√
3
2npi
it20 if m = 0 andn 6= 0 ,
σ˜xy(nG1 +mG2) = σ
0
xy
√
3
2mpi
it20 if n = 0 andm 6= 0 ,
and σ˜xy(nG1 + mG2) = 0 otherwise. Note that with σ
0
xy = 2
e2
h , the Fourier transform σ˜xy is purely
imaginary such that MG,G′(q) of Eq. (13) is real and symmetric.
III. EDGE CHIRAL PLASMONS FOR ONE-DIMENSIONAL MODULATION.
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FIG. 5. (a) Dispersion of the edge plasmons in a system with one-dimensional modulation of the Hall conductivity.
In the inset it is shown schematically the modulation of σxy. In panels (b) and (c) we plot the electrical currents
associated at the edge plasmons with momentum qyL=0.05, and qyL=1.
In this section, we study a two-dimensional system where the Hall conductivity is periodic only in the
xˆ-direction, with a period L, see Fig.5,
σxy = −σ0xy for x < L/2 (16)
σxy = σ
0
xy for x > L/2 (17)
Due to the change in the Hall conductivity, it is expected that the system supports chiral edge currents
moving on opposite directions at the interfaces −σ0xy/σ0xy than in the neighbor interfaces σ0xy/−σ0xy.
The Fourier transform has only components in the xˆdirection,
σ˜(nG0) = −iσ0xy
L
pin
((−1)n − 1) (18)
with G0 =
2pi
L . The matrix M becomes,
MGx,G′x(qy, ω)=−
i
L
1
20
e−
δ
2 (
√
q2y+G
2
x+
√
q2y+G
′2
x )√√
q2y +G
2
x
√
q2y +G
′2
x
qy (Gx −G′x) σ˜xy(Gx −G′x) (19)
In Fig.5 we plot the dispersion relation corresponding to the edge plasmons. At small wavevectors
the plasmons disperse as
√
q, this behavior occurs because for wavevectors much smaller than 1/L the
plasmons average over all the one-dimensional channels and the system behaves as a two-dimensional
8P1
P2
P3
1
2
3
1′
2′
3 ′
1′(P1)
2′ (
P 2
)
3 ′(P
3 )
FIG. 6. Relevant directions in the chiral network model. Red arrows represent outgoing fields from a vertex
at lattice position ~R, with the three chiral outgoing directions labelled as 1′, 2′ and 3′ (for simplicity the label
corresponding to ~R = 0 has been omitted). Blue arrows represent incoming fields at a vertex.
system. In Fig.5(b) we plot the current along the edges direction, the current is parallel in both interfaces
of the unit cell, this is a reflection of the Coulomb coupling between edges at small wavevectors. The
excitations can still be classified as chiral but now a mode propagating on an edge is dragged by the
charge on the other edge60. At larger values of the momentum the coupling between edges is reduced
and the current is practically carried by the channels at the interfaces −σ0xy/σ0xy, see Fig.5(c).
At large wavevectors the dispersion relation of Fig.5(a) can be described as the coupling between edge
modes with the same chirality,
~ω =
nc
2pi
qx
e2
20
(
K0(|qx|a) +
∞∑
n=2
K0(|qx|nL)
)
. (20)
IV. CHIRAL NETWORK MODEL
A simplified model for the plasmons in a TBG is the chiral network model, which was already used to
discuss the electronic properties in TBG39. We present here a short summary of the model and adapt it
to the plasmonic case.
The network model is constructed by quasi-one-dimensional chiral waves that propagate along the
hexagon lines, and scatter at the hexagon vertices. The propagation along the lines is characterised by
the wavevector of the waves at the considered frequency. In the plasmonic case, the chiral waves are
the plasmons bounded to the one-dimensional AB-BA edge. Their dispersion relation is ~ω1d(kp) ≈
91
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FIG. 7. Dispersion relation in a network model of chiral 1D-plasmons for several values of φ, at a fixed rep-
resentative value of λ = 0. The results are periodic on φ with period 2pi, as shown by the panels n = 0 and
n = 8.
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FIG. 8. Dispersion relation in a network model of chiral 1D-plasmons, for several values of λ. In each panel the
phase φ has been chose so that kp(Γ) = 0
.
4e2kp log(kpδ), being kp the plasmon wavevector along the propagation direction and δ the effective
thickness of the 2D system (see main text).
The network model assumes that the scattering at the vertex conserves valley index. Then, for
a given valley index, chiral plasmons can approach the vertex from three incoming directions (la-
belled 1, 2 and 3) and leave the vertex by three outgoing ones (labelled 1′, 2′, and 3′), see Fig.6
for a schematic representation. Although the plasmon is a vector field, it is sufficient to consider
the out-of plane component of the electric field (Ez), as all components of the electromagnetic field
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can be extracted from it using Maxwell equatuons. At a vertex ~R, we denote the amplitude of the
outgoing field by ~E′z(~R) ≡
(
E1′z (~R), E
2′
z (
~R), E3′z (~R)
)T
, and the amplitude of the incoming field by
~Ez(~R) ≡
(
E1z (
~R), E2z (
~R), E3z (
~R)
)T
, where T stands for transpose, and the superindex Eiz indicates the
amplitude of Ez in the i-th direction. The scattering matrix S˜ relates the outgoing amplitudes to the
incoming ones thorough
~E′z(~R) = S˜ ~Ez(~R). (21)
The scattering matrix must be both unitary (due to current conservation) and symmetrical with respect
to the two deflected outgoing directions. It is determined by just two parameters: (i) φ, the phase picked
up in the scattering process by the plasmon propagating in the outgoing forward direction and (ii) the
fraction of power in the forward direction Pf (the fraction of power in a deflected direction, Pd, satisfies
Pf + 2Pd = 1). We use the parametrisation for S˜ presented in
56:
S˜(φ, λ) = eıφ
 α βeıλ βeıλβeıλ α βeıλ
βeıλ βeıλ α
 (22)
where α = 1/
√
1 + 8 cos2 λ, β = −2 cosλ/√1 + 8 cos2 λ, and Pf = α2, Pd = β2.
Of course, all vertices in the lattice are equivalent; for simplicity let us focus on the vertex placed
at ~R = 0. The equations governing the plasmons in the network can be found by noticing, first, that
the incoming amplitudes at 1, 2 and 3 are related to the outgoing amplitudes at ~P1 = −(~P2 + ~P3),
~P2 = (1,−
√
3)T t0/2 and ~P3 = (1,
√
3)T t0/2 (see Fig.6) throughE1z (0)E2z (0)
E3z (0)
 =
Ψ 0 00 Ψ 0
0 0 Ψ

︸ ︷︷ ︸
P˜ (kp)
E1′z (~P1)E2′z (~P2)
E3′z (~P3)
 (23)
where Ψ = eıkpt0 is the phase that a plasmon acquires when propagating between two vertices. Second,
that according to Bloch’s theoremE1′z (~P1)E2′z (~P2)
E3′z (~P3)
 =
eı
~k ~P1 0 0
0 eı
~k ~P2 0
0 0 eı
~k ~P3

︸ ︷︷ ︸
B˜(~k)
E1′z (0)E2′z (0)
E3′z (0)
 . (24)
Thus, the plasmonic modes satisfy the equation
Ω˜
E1′z (0)E2′z (0)
E3′z (0)
 =
E1′z (0)E2′z (0)
E3′z (0)
 (25)
where Ω˜(kp,~k, φ, λ) ≡ S˜(φ, λ)P˜ (kp)B˜(~k). Thus, for given Bloch wavevector ~k, this eigenvalue equation
can be readily solved by finding the values of kp for which Ω˜(kp,~k, φ, λ) has an eigenvalue equal to 1.
The dispersion relation of the network ω(~k) is obtained by using the dispersion relation of the quasi-one-
dimensional mode ω1d(kp(~k)).
As the relation between ω and kp practically linear in the range of interest, we concentrate on kp(~k),
which has the mathematical property that if kp is a solution, so is kp + 2pin, with n being an integer. So,
only the values kp ∈ [−pi, pi] need to be considered.
For completeness, we show the general dependence of the band structure on the two parameters defining
the scattering matrix, φ and λ. The dependence on φ, for a representative λ = 0, is shown in Fig.7,
illustrating that the variation of φ produces a rigid vertical displacement in the kp(~k) dispersion relation.
The dependence on λ is rendered in Fig.8, showing that λ changes the overall shape of the dispersion
relation (for instance, the quasiparticle mass at Γ = 0).
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The numerical results could be used to fit the TBG plasmonic bands rendered in Fig.2 of the main
text, obtaining in this way the parameters φ and λ that define the chiral plasmon scattering at the vertex.
However, the obtention of these parameters is simplified by
(i) using the antisymmetry of the plasmonic spectrum discussed in the main text, i.e. ω(~k) = −ω(−~k),
or kp(~k) = −kp(−~k) and,
(ii) noticing that B˜∗(~k) = B˜(−~k) and P˜ ∗(kp) = P˜ (−kp)
In order to use these symmetries, notice that any solution satisfies Ω˜(kp,~k, φ, λ)~v = ~v, and taking the
complex conjugate we get Ω˜∗(kp,~k, φ, λ)~v∗ = ~v∗. Using the properties of B˜ and P˜ this leads to
S˜∗(φ, λ) P˜ (−kp) B˜(−~k)~v∗ = ~v∗, (26)
so the antisymmetry of kp(~k) is fulfilled if S˜
∗(φ, λ) = S˜(φ, λ), when Eq. (26) becomes
Ω˜(−kp,−~k, φ, λ)~v∗ = ~v∗, which also determines an eigenvalue equal to unity and thus the existence
of a plasmonic mode. Therefore, the antisymmetry of the spectrum implies that S˜ should be real-valued,
this is, both φ and λ should be either 0 or pi (plus an irrelevant multiple of 2pi). In fact, λ = 0 and
λ = pi correspond to the same scattering matrix, which fixes α = 1/3, β = 2/3, and thus the forward
and defected currents Pf = 1/9 and Pd = 4/9, respectively. So, symmetry alone forces that the scattered
current in the forward direction has its minimum possible value (which, remarkably, is finite).
The value of φ can be found by comparing the bands for φ = 0 and φ = pi in Fig.7 with those in Fig.2
of the main text. Notice that, as expected, both cases give antisymmetry bands but only φ = pi leads to
a parabolic band at Γ = 0.
To summarise, the antisymmetry of the bands force λ = 0, and this plus the parabolic dispersion at Γ
forces φ = pi.
V. ELECTRIC FIELD INDUCED BY AN OSCILLATORY DIPOLE.
When illuminating the metallic tip of an atomic force microscope with a focused infrared laser beam,
it is created an electric dipole P that oscillates with the frequency oscillating with frequency ω of the
laser. We assume that the radiation of the tip can be simulated by a point dipole situated at position
r0, see Fig.9. This dipole is going to excite the collective modes of bilayer graphene inducing an electric
field.
r0	
r	
d	
FIG. 9. Scheme of the SNOM probe.
In the near field approximation, where it is assumed that the distance between the graphene plane and
the dipole is much larger than the dipole size, but it keeps being much smaller than the wavelength of
the light emitted by the dipole, the electric field induced by the dipole is,
φdip(r) =
eiωt
4pi0
P · (r− r0)
|r− r0|3 (27)
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and its two-dimensional Fourier transform
φdip(q) =
1
S
eiωt
20
(−iPxqx − iPyqy − qPz)1
q
eiqρe−qz0 (28)
with S the sample area and the coordinates of the graphene planes are r = (ρ, 0). Using the dielectric
constant of the system, the total potential created by the dipole in the graphene layer is
φtot(ρ) =
∑
q,G,G′
ei(q+G)ρ
√
q+G′√
q+G
e−
δ
2 (|q+G|−|q+G′|)
∑
i
αiq(G)
ω
ω − ωi(q)α
i
q(G
′)φdip(q+G′) (29)
where ωi(q) and αq(G) are the finite frequency eigenvalues and eigenvectors of the matrix M , and the
sum in q is restricted to the first Brillouin zone of the moire´ superlattice. Then, the potential induced
by the dipole in the twisted bilayer graphene sheet is
φind(ρ) = φtot(ρ)−φdip(ρ) =
∑
q,G,G′
ei(q+G)ρ
√
q+G′√
q+G
e−
δ
2 (|q+G|−|q+G′|)
∑
i
αiq(G)
ωi(q)
ω − ωi(q)α
i
q(G
′)φdip(q+G′)
(30)
This potential decreases when moving away from the bilayer as
φind(ρ, z) =
∑
q+G
φind(q+G)e
i(q+G)ρe−|q+G||z|. (31)
The induced electric field is
Eindz (ρ, z) =
∑
q,G
sign(z)|q+G|φind(ρ, z)
Eindν (ρ, z) = −
∑
q,G
i(q+G)φind(ρ, z) for ν = x, y (32)
Experimentally the dipole is created by a metallic tip that generally has an elongate form in the
direction perpendicular to the graphene layer, and therefore the polarization of the tip is dominant in
the z-direction. Then, assuming the dipole is orientated in the z-direction we get
Eindz (ρ, z)=−eiωt
z
|z|
Pz
20
∑
q,G,G′
F (G,G′)|q+G|e−i(q+G′)ρ0e−|q+G′|z0e−|q+G|zei(q+G)ρ
∑
i
αiq(G)
ωi(q)
ω−ωi(q)α
i
q(G
′)
Eindν (ρ, z)=e
iωt Pz
20
∑
q,G,G′
iF (G,G′)(qν+Gν)e−i(q+G
′)ρ0e−|q+G
′|z0e−|q+G|zei(q+G)ρ
∑
i
αiq(G)
ωi(q)
ω−ωi(q)α
i
q(G
′)
with
F (G,G′) =
√
q+G′√
q+G
e−
δ
2 (|q+G|−|q+G′|) . (33)
VI. PLASMONIC DIRAC CONE AND GAP GENERATION
A general Dirac cone is composed by two orthogonal states that become degenerate at the Dirac point.
In the case of graphene, these states correspond to electronic Wannier states localized at the A- and
B-lattice, respectively. A gap can be opened up when breaking the corresponding symmetry and in the
case of graphene, this would be the inversion symmetry of the A- and B-lattice.
With regards to the plasmonic (boson) Dirac cone, the orthogonal states are dipole oscillations in the
x- and y-direction. Due to the hexagonal current network, the precise form is given by an armchair- and
zigzag-pattern, respectively. This can be seen in Fig. 10, where the current maps are shown that build
up the Dirac spinor.
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FIG. 10. Electrical currents corresponding to the two plasmon excitations at the Dirac point. Left panel: Current
pattern in x (armchair) direction. Right panel: Current pattern in y (zigzag) direction.
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FIG. 11. Schematic plasmonic dispersion including both graphene valleys indicated by the white and grey shaded
regions. (A) The left panel shows a chiral gap opening where both masses have the same sign. (B) The right
panel shows a Haldane gap opening where both masses have different sign.
The equivalence of the spinor states can now be broken by the continuous U(2) rotational symmetry.
This should favor the possibility of a spontaneous chiral mass generation. Especially for extremely small
twist angles with θ . 0.1◦, the domain walls are distorted and we expect the plasmonic excitations to
be described by a gapped Dirac equation. The equivalence of the spinor states can also be broken by
time-reversal symmetry, i.e., a perpendicular magnetic field would favor one orientation of the chiral
plasmonic modes.
The plasmonic Dirac cones of the two graphene valleys are located on different regions of the moire´
Brillouin zone. This opens up the possibility of a Haldane gap generation where the two gaps have
different signs. The resulting topologically protected plasmonic edge currents along the zone boundary
might be truly protected from backscattering as well as from decaying into particle-hole excitations as
they are composed of topologically protected electronic states. In Fig. 11, we contrast the two different
gap openings schematically. On the left panel, a chiral gap opening is shown where both masses have the
same sign, whereas on the right panel, the Haldane gap is defined with different mass signs for the two
valleys. Let us also mention the possibility of Dirac velocity renormalization due to vertex corrections or
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FIG. 12. (A) Plasmonic dispersion of one valley, also displaying the alternating Dirac cones. (B) Plasmonic
dispersion including both valleys indicated as black and red curves.
retardation effects.
Finally, we want to mention that Dirac cones also appear at higher energies. We observe an alternating
hierarchy where the Dirac cones of one valley change the two separate sector of the Brillouin zone, see Fig.
12. They are connected by Dirac cones that appear at the Γ-point. The energy of the additional Dirac
cones depends stronger on the cut-off energy δ given a fixed maximal reciprocal lattice vector Gmax. Still,
together with the van Hove singularities they might be observable in samples with large lattice constant
t0.
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